Abstract: Virtual-force algorithms (VFAs) have been widely studied for accurate node deployment in wireless-sensor-network (WSN) applications. Their main purpose is to achieve the maximum coverage area with the minimum number of sensor nodes in the target area. Recently, we reported a new VFA based on virtual spring force (VFA-SF) and discussed in detail the corresponding efficiency via statistical analysis. The optimized strategy by adding an external central force (VFA-SF-OPT) was presented, which effectively eliminates the coverage hole or twisted structure in the final network distribution. In this paper, the parameter effects on VFA-SF and the VFA-SF-OPT were further investigated: (1) Node velocity dramatically affects the convergence rate of the node-deployment process. (2) A suitable external central force improves equilibrium distance and reduces energy consumption. (3) The effects of VFA-SF and VFA-SF-OPT for different types of obstacles are discussed. Generally, by choosing suitable parameters, both VFA-SF and VFA-SF-OPT can effectively improve node deployment and energy consumption for the whole sensor network. The results give important insight in parameter selection and information fusion in the application of a large-scale WSN.
Introduction
With the rapid development of wireless sensor networks (WSNs), the accurate deployment of a large number of wireless sensors would become an important issue in the near future, e.g., the application of unmanned aerial vehicles (UAVs) or autonomous underwater vehicles (AUVs) [1, 2] . In recent years, many researchers have focused on the problem of position optimization in WSNs since node deployment significantly affects both system lifetime and energy consumption in a two-dimensional (2D) environment. It was proved that a hexagonal structure is the best topology in a 2D network. It provides the maximum coverage area with the minimum number of sensor nodes and minimum energy consumption [3] .
The virtual-force algorithm (VFA) is one of the most popular mechanisms for node deployment, in which sensors are moved by the virtual force determined by the relative position of neighbor nodes and the presence of an event [4] [5] [6] . The VFA presents a force-directed approach to improve network coverage with limited sensor nodes. It has low computation complexity with less computation time and one-time repositioning for the sensor nodes. Heo and Varshney improved the virtual-force algorithm by adding certain constraints to the virtual force function [7] . Based on the theory of virtual potential
Original Virtual-Spring-Force Algorithm
Communication range R c and sensing range R s are the characteristic parameters of each sensor. In a perfect hexagon topology, equilibrium distance D m between two neighbor nodes should be √ 3R s . Therefore, communication range R c is usually larger than √ 3R s . At the beginning of the deployment process, all N nodes in a wireless sensor network were randomly deployed in the target region whose area was S and the center was located at (0,0). The location of each sensor n i (i = 0, 1, ..., N − 1) is given by a vector x i (t) ( x i (t) also indicates the position of node i at time t). Vector d ij (t) indicates the distance between node i and node j at time t.
The force on node i at time t is driven by the Newton motion law:
where m is the mass of a sensor node, and F i (t) is the resultant force. F i (t) can be defined as the sum of three components:
where F e i (t) is the virtual spring force, F f i (t) is the damping force, and F ce i (t) is the centripetal force. Generally, spring forces are established between pairs of sensor nodes if one node has no other nodes in the upper and lower 60 degree sectors with another node, and their distance is smaller than R c . Here, x ij (t) = ( x j (t) − x i (t))/d ij (t) is the normalized vector from node i to j. If the set of possible node j acting with virtual forces on node i (d ij (t) < R c ) is expressed by Φ i (t) , the corresponding total spring force of node i is F e i (t) = ∑
where κ is the spring coefficient. Damping force F f i (t) is defined as 
Damping force reduces the elastic potential energy for the whole network and accelerates the convergence of the node deployment. The upper formula is the case when a sensor node approaches a quasiequilibrium state since the node velocity v = d x 0 (t)/dt = 0. In such a case, the damping force equals to −( F e i (t) + F ce i (t)) (force balance) or −(γ 0 x 0 (t)). Once the damping of the spring oscillator is absent, the oscillator should work in a simple harmonic vibration state; ω 0 is the natural vibration frequency, and γ 0 is the natural damping coefficient. The lower formula is the case during the algorithm processing. In such a case, damping force is related to node velocity and γ is the given damping coefficient.
Let κ/m = ω 2 0 and γ/m = 2β, where β is the real vibration frequency, related to the damping effect. Usually, damping force strengthens with the increase of β. New quantity ε is defined as
κm). When ε = 1 and β = ω 0 , the sensor network operates in a critical damping condition. Elastic potential energy decreases due to the damping force, and the system quickly converges to an equilibrium state without unnecessary vibration or energy consumption. Under this circumstance, the critical value of parameter γ critical = 2 √ κm. Reference [14] has already discussed the influence of damping coefficient γ on the virtual-spring-force algorithm. They tried a fixed γ during all deployment and also varied the γ in different stages of deployment process. The results suggested that each damping condition, with its unique characteristic, could play to its strengths in different deployment stages in real applications. Therefore, in this paper, damping coefficient γ is not discussed. We then followed their work and also used a dynamic damping coefficient. In time steps 0-300, γ = 1.08 × γ cirtical , and after 300 time steps γ = γ cirtical .
Centripetal force is defined as
which is only an external auxiliary force acting on each sensor node. With centripetal force, sensors move closer to the region center and always return to the sensor networks. The F centri constant must be much smaller than spring force so that it does not affect the main virtual algorithm. Once a wireless sensor network is deployed to the final hexagon topology, this force is released in the algorithm. A second-order leapfrog scheme was utilized for the time discretization in Equation (1), as follows:
where v and a are particle velocity and acceleration at each step, respectively. After obtaining all the position information of neighbors, the sensor node can calculate r and v using Equations (1) and (2) . For completeness, the pseudocode of the leapfrog schema solution for VFA-SF within the wireless sensor network is shown in Algorithm 1. To prevent the description from becoming cumbersome, we omitted details that could either be inferred or implemented using standard techniques. 
Optimized VFA-SF Strategy
In the original VFA-SF, the self-deployment process calculates spring forces, positions, and movements for all nodes at each time step. It has a 60% possibility with some coverage holes or twisted balance in the final deployment distribution.
The optimized VFA-SF strategy (VFA-SF-OPT) begins node redeployment from the central region since node deployment in central region is more important than that near the edge. At the early stage of deployment, external force F extern , whose direction points to the center (0,0), is added to the most peripheral nodes of the wireless sensor network. Other sensor nodes in the external region are gradually involved to the deployment optimization.
External forces should have the following characteristics: (1) always applied to the outermost node of the sensors participating in the deployment algorithm; (2) due to the spring effect, external forces acting on the most marginal node are transmitted to the internal network; (3) similar to centripetal force, external forces should be released when network deployment is to be completed. It promotes the formation of perfect hexagon topology and effectively avoids holes or twisted balance.
The shift from global computation and deployment to centrally preferred deployment was very stable and effective. Further statistical analysis also showed that all wireless sensor networks, regardless of what the initial distribution is, finally yield perfect hexagonal topology. Optimized redeployment can work for nonstandard deployment and yield lower energy consumption than that of the original virtual-spring-force algorithm [13] .
Performance Evaluation of the VFA-SF
In the present study, a novel performance metric based on the pair correlation function within the crystalline structure was introduced to evaluate the topology of the sensor network. Pair correlation function g(r) = (N(r, ∆)S)/(2πr∆N) within the network structure represents the probability of finding two nodes separated by a distance r, where S is the area of coverage, N is the number of sensor nodes contained within S, and N(r, ∆) indicates the number of nodes located between r − ∆/2 and r + ∆/2. Therefore, the pair correlation diversion is
where Ω is the network topology to be analyzed, Ω H is the perfect hexagonal topology, and r T is the bound of the radial distance. Yu et al. already compared pair correlation function g(r) for network topology resulting from the original VFA-SF with that of a perfect hexagon. The positions of sensor nodes from the VFA-SF were consistent with the required locations from the perfect hexagon [14] . Therefore, pair correlation diversion (PCD) provides an objective metric for evaluating the virtual-force algorithms. It quantitatively analyzes the proximity from any network topology to a perfect hexagon configuration [11, 12] . This metric indicates the uniformity for the sensor network. Moreover, it can be used to characterize the convergence rate of any virtual-force algorithm. The slope of the pair-correlation-function curve, as a function of the simulation steps, indicates how fast the virtual-force algorithm converges.
For a wireless sensor network, when the value of δ(Ω, Ω H ) is small, the network coverage topology approximates a hexagonal structure. Generally, a perfect deployment solution has a PCD value of 0. In addition, the convergence rate can be obtained according to the decrease of the PCD curve. When a network reaches its steady state, the PCD value should also become stable.
Parameter Effects on VFA-SF and VFA-SF-OPT
As for the initial simulation parameters, the number of sensor nodes N = 500 was chosen in the target region. The mass of each sensor is normalized to m = 1 without considering the hardware design and the mechanical parts of the sensor node. Sensing range is also normalized to R s = 1. In such a case, the final coverage of the whole wireless sensor network relies on the real sensing range of the given sensors. Communication range R c is also normalized based on the R s . In order to calculate spring forces from the closest neighbor nodes only, we set R c = 3R s = 3 as shielding length. We then set spring coefficient κ = 15 and F centri = 0.005, which correspond to the equilibrium distance
75. Moreover, based on these parameters, the theoretical external force, which always points to the center, is 2.873 (see Figure 6 in the reference [13] ). This force can break the distribution balance during the deployment process. In our previous paper, external force F extern = 3.5 was used to successfully eliminate coverage holes without affecting network formation.
The detailed information of simulation parameters and algorithm process can be found in our recent paper [13] . In this section, in order to further improve our VFA-SF and VFA-SF-OPT algorithms for the real field test in WSN applications, the parameter effects on these two algorithms are carefully discussed. Table 1 gives the details of the initial parameters in the following experiments. 
Category Parameter Values
Basic parameters 
Effect of Node Equilibrium Distance
In most WSN applications, sensor communication and the corresponding routing protocol affect system performance, so they are very important topics in theoretical modelling and field tests. In this paper, we do not consider any communication and mechanical parts since our VFA-SF and VFA-SF-OPT are a concept of a node-deployment solution. If a designer wants to reduce the errors from the node position or neighbor location not updating instantaneously, it is better to require each sensor node to wait for a while to receive the updating information from neighbor nodes after it approaches the estimated position. In such a case, in order to reduce the influence of the location error, it can be solved by controlling the node equilibrium distance. Figure 1 shows the final node distributions by the VFA-SF for the indicated node equilibrium distance D m = 1.732 (theoretical value), 1.5, and 1.3, respectively. The corresponding coverage area by these 500 nodes is 1299, 974.1, and 732 from the area of total hexagon cells. PCD values are 0.03, 0.06, and 0.09. It is obvious that a small D m causes system redundancy and reduces the whole coverage area. Most importantly, a small D m compresses node distance so that the final network may become worse. In such a case, for a fixed target area, a small D m can dramatically avoid location errors but increase the number of sensor nodes and amount of system consumption. 
Effect of Node Velocity
Node velocity is calculated at every time step, while node locations and spring forces are determined from the VFA-SF or VFA-SF-OPT. A series of theoretical exercises were carried out to prove the validation of two algorithms, but accuracy is very important to optimal coverage. How node velocity can potentially affect deployment performance needs to be further discussed. Here, the experiments and statistical analysis were implemented to show the effect of node velocity on the VFA-SF (external central force F extern = 0).
Sensor networks used to have coverage holes or twisted structures during the deployment process, especially at the early stage. The distance between two nodes in such a region is possibly much larger than the average distance. The corresponding node velocity, determined by spring force, can be large. Therefore, maximum node velocity has to be limited in the virtual-spring-force algorithms in case the sensor node has an unreasonable speed. In the simulations, maximum node velocity v max is given as a constant. If the determined node velocity is larger than the fixed value of v max at one time step, it would be reset to be v max . Figure 2 presents the pair correlation diversion as a time-step function for indicated maximum node velocity v max = 0.05, 0.1, 0.2, 0.4, 0.6, 1.0, and 2.0, respectively. The comparison is based on the identical initial node distribution. When v max is very small, like v max = 0.05, the PCD curve fluctuates at the early stage of the VFA-SF process. It decreases to 0.3 at the 2500th time step, and finally stays around 0.2. The reason is that a large number of sensor nodes can easily reach the limitation of a small v max , which significantly responds to a short moving distance for each sensor at any time step. In such a case, sensor nodes have to spend more time and consume more energy in the deployment process to form quasihexagonal topology. When 0.1 ≤ v max ≤ 0.4, the PCD curves can finally stay around 0-0.2, which means that a medium v max helps improve the effect of node deployment in some extent. However, this improvement is still unstable. When v max ≥ 0.6, the final WSN deployment successfully forms a perfect hexagonal topology (PCD value goes to 0). Most importantly, it should be noted that the PCD curves converge quicker as the v max limit increases. Table 2 . Fifty independent cases with different initial node distributions were randomly chosen for statistical analysis. Figure 4 also presents pie charts with percentages of the final PCD value for different values of v max . When v max <= 0.1, there was only 10-12% possibility with final PCD values of 0-0.05, which corresponds to a perfect hexagonal topology. The PCD value was calculated in the most central area of the target region, but was only lacking at the edge of the sensor network to some extent. This means that a smaller v max causes worse node deployment in WSN applications, which is consistent with Figure 1 . When 0.2 < v max < 2.0, the possibility of the PCD value of 0-0.1 is stable at 42-50% (the white values in the pie charts of Figure 3 ), which corresponds to the perfect hexagonal network. A larger v max helps to improve the final network deployment but does not increase the possibility of perfect hexagonal topology. 
Effect of External Central Force
The calculation of the external central force in Figure 6 of our previous paper [13] was a theoretical indication. On the other hand, network-deployment experiments may not require a very precise value. Usually, designers can choose a suitable value, slightly greater than the optimal value. However, the choice of external central force does have important impact on VFA-SF-OPT optimizations. Typical simulations for three different values of external central force are shown in Figure 5 .
The top panels show the deployment topology for F extern = 2. The left panels are the network topologies in the middle of the deployment process (VFA-SF-OPT) at the 600th time step. The right panels are the final networks after VFA-SF-OPT optimization. Red circles in the left panels indicate the region involved in the calculation of the PCD curve and the equilibrium distance at the 600th and 5000th time step to evaluate the algorithm performance. It is very clear that, if the external virtual force is small, it is still hard to eliminate the coverage hole in the final node distribution (see the orange ellipse in the top-right panel), as well as the twisted structure. The reason is that small external force may not contribute enough to the total force, which drives the sensor to the optimal position within the fixed calculation time. The middle panels illustrate the results corresponding to F extern = 3.5 that were presented in a previous work [13] . Bottom panels show the results corresponding to F extern = 5.5. Larger external force can usually yield good hexagonal topology in a large-scale WSN. However, it should be noted that the gap between the deployed nodes by the VFA-SF-OPT and those nodes outside of the calculation region increases when the external central force becomes larger. The reason is that the VFA-SF-OPT only calculates the positions and the total virtual force to drive the node movements for the sensors involved in the optimization process. Sensor nodes within the optimization region follow the action of the external force while the rest do not temporally move. Centrally preferred deployment can effectively reduce energy consumption for sensors excluded from the VFA-SF-OPT.
Furthermore, average equilibrium distance and average moving distance within the region of radius = 10 for the indicated values of the external central force from the VFA-SF-OPT are listed in Table 3 . If F extern = 0, equilibrium distance D m ≈ √ 3, which is consistent with theoretical analysis of the original VFA-SF. When external central force increases, the average equilibrium distance between two neighbor nodes becomes smaller. It means that a larger external central force causes the compression of the central area during the process of optimization deployment. It is consistent with the gap variation in Figure 3 . In such a case, those nodes that are newly involved in the VFA-SF-OPT process have to move for a longer distance, which consequently leads to more energy consumption. That is also consistent with Column 3 of Table 3 . The final topology may also not be regular hexagonal topology, and it is difficult to recover after releasing this external force in the optimization algorithm. Generally, extremely large or small value of external central force positively or negatively affects the energy consumption of the sensor nodes, and impacts system performance. It can be determined based on the requirements of environment scenarios or location accuracy for some real WSN applications in a large target area. Figure 6 presents the variation of PCD curves from the VFA-SF-OPT optimization for indicated external central force F extern =0, 1, 2, 3.5, 5.5, 8 and 10, which correspond to the cases in Table 3 . When external central force is larger, the PCD value dramatically increases at the early stage of the VFA-SF-OPT. The reason is that the nonhexagonal structure in the central area significantly affects PCD calculation. Larger external central force compresses the central area and causes a broader gap between the nodes involved in the VFA-SF-OPT and those absent from the VFA-SF-OPT. The PCD value reaches its maxima around the 1400th time step. Table 2 .
It should be noted that, once the external force is smaller than the theoretical value (F extern = 2.873 in [13] ), like F extern = 0, 1, 2, the PCD curve cannot be reduced to be 0, i.e., a perfect hexagonal structure cannot be achieved. The reason is that a small F extern makes less-significant contribution to the total virtual force and finally yields the survival of the coverage holes. An extremely large external force, like F extern = 10, excessively compresses the central region and breaks the balance of the hexagonal structure. In addition, sensor nodes need to move for a longer distance in such a case.
In addition, two more values of the external central force have been tested to further check the influence of this effect on the VFA-SF-OPT. The corresponding average equilibrium distances and average moving distances are shown in Table 4 . It is still obvious that, when v max = 0.3 and 1.0, the variations of the average node-equilibrium distance and the average moving distance are the same as those of v max = 0.6. However, in the VFA-SF-OPT (F extern = 0), all moving distances from v max = 0.6 are smaller than those from the other two cases. It means that an appropriate value of F extern has less energy consumption in the optimization process. 
Effect of Different Obstacles
In order to present our statistical analysis for the VFA-SF and the optimized method VFA-SF-OPT for the first time, optimal network deployment was only considered to cover the whole target area without obstacles. However, in physical WSN applications, obstacles exist. It is very important to discuss the effect based on the different obstacle types. Experiments with some typical obstacles are shown in the figures, implemented by using both the VFA-SF and the VFA-SF-OPT. Figure 7 presents the final node deployments from the VFA-SF (left panels) and the VFA-SF-OPT (right panels) with a circle obstacle. Top panels are the cases when the obstacle was at the center, and bottom panels are cases when the obstacle was off-center. It is clear that the VFA-SF-OPT had a better deployment result than the VFA-SF referring to network topology. The right panels had more perfect hexagonal cells than the left panels.
However, it should be noted that network structures with the off-center obstacle were worse than the cases with the obstacle at the center. The reason is that both the VFA-SF and the VFA-SF-OPT calculate the total virtual force and the corresponding physical velocity and acceleration based on the hexagonal network assumption. The six neighbor nodes were distributed around a given node like a circle. The external central force added in the VFA-SF-OPT pointed to the center of the target region, and the corresponding optimization began node redeployment from the central region. Therefore, the position of the obstacle affects final deployment to some extent. The off-center obstacle caused worse node deployment, i.e., more twisted structures, as shown in the bottom panels of Figure 7 . Similarly, Figure 8 shows the final node deployments for the square obstacle both at the center (top panels) and off-center (bottom panels) of the target region from the VFA-SF (left panels) and the VFA-SF-OPT (right panels). The square obstacle is also a central symmetry obstacle like a circle. Network deployment is significantly affected by four straight sides, however. This is because these straight sides break the normal balance of the hexagonal topology. By comparing with Figure 7 , it is clear that the final deployments for the square obstacle have more twisted structures than the cases of the circle obstacle from both the VFA-SF and the VFA-SF-OPT. In such a case, the VFA-SF-OPT only optimizes the network topology in some extent but cannot obtain a perfect hexagonal network.
We then considered a rectangular obstacle that had no central symmetry. Figure 9 presents the final node deployments for the rectangular obstacle, as shown in Figures 7 and 8 . It is obvious that the rectangular obstacle led to worse final node deployment than the square obstacle since noncentral-symmetry obstacles brought more edge effects to virtual-force calculations. In such a case, the VFA-SF-OPT cannot further improve network topology because the preferred central optimization by adding an external central force is invalid to some extent.
Moreover, Table 5 lists the corresponding computed PCD values for Figures 7-9 from these obstacle tests. The regions for PCD calculations are indicated by the red dashed circles in the panels. It is clear that the VFA-SF-OPT usually obtained a smaller PCD value than the VFA-SF. Additionally, the final network from the circular obstacle was better than that from the square obstacle, while the final network from the square obstacle was better than the rectangular obstacle. It is obvious that the position, symmetry, and edge of the obstacle have great impact on the calculation of the virtual spring force and the external central force. In such a case, we the VFA-SF-OPT cannot be effectively applied to the irregular obstacle case. 
Conclusions
A virtual-force algorithm inspired by spring force (VFA-SF) was introduced in which sensors moved by the spring force are determined from the relative position of neighboring nodes. Corresponding optimization by adding an external central force during force calculation was proved to be valid and effective. It helps to avoid coverage holes ans twisted structures, and increases the possibility of a final hexagonal topology in node deployment [13] . In this paper, based on the VFA-SF and the VFA-SF-OPT, the simulation results of different parameter effects during the deploying process were investigated in detail.
(1) As for the VFA-SF, statistical analysis indicates that, for maximum node velocity, a smaller v max causes worse node deployment in WSN applications. When 0.2 < v max < 2.0, the possibility of a perfect hexagonal network in the final deployment is stable at 42-50%. A larger v max helps to improve the final network deployment but does not increase the possibility of perfect hexagonal topology. Most importantly, it should be noted that the whole algorithm converges quicker as the v max limit increases. (2) In the VFA-SF-OPT optimization, it is very clear that it is harder for smaller external virtual force to eliminate a coverage hole or twisted structure in the final node distribution. When external central force increases, it causes the compression of the central area during the process of optimization deployment. The nodes newly involved in the VFA-SF-OPT need to move for a longer distance and consume more energy. Therefore, experimental F extern should be slightly greater than the optimal value, which is determined based on the requirements of environment scenarios or location accuracy for some real WSN applications. (3) Experiments of three typical obstacles were simulated by using both the VFA-SF and the VFA-SF-OPT. For the circle obstacle, two algorithms could still obtain good final distributions, and the VFA-SF-OPT had a better effect. However, for the square and rectangular obstacles, final node deployment was worse. This means that the VFA-SF and the VFA-SF-OPT are more useful in a central-symmetry obstacle event based on virtual-spring-force theory.
In summary, parameters have positive or negative effects on the performance and accuracy of the proposed VFA-SF and VFA-SF-OPT algorithms. In order to effectively achieve better hexagonal network topology and have better coverage performance for the target area, suitable parameters have to be selected in accordance with the experiment environments and application requirements, while a high overall coverage ratio is a goal.
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